Abstract. Let S be a smooth 3-dimensional nonpositively curved Riemannian manifold with corners, whose boundary consists of a finite number of geodesically convex nonpositively curved faces (for example, a Euclidean or hyperbolic polyhedron). We show that it is always possible to glue together finitely many copies of S so as to get a nonpositively curved pseudomanifold without boundary.
Introduction
In this paper we will study the following geometric problem. Let P be a finite polyhedron, or more generally a smooth compact nonpositively curved Riemannian manifold with corners so that every codimension 1 face is geodesically convex. We ask whether it is possible to take finitely many copies of P and identify their codimension 1 faces in pairs so as to obtain a closed pseudomanifold 1 (see [Sp, p. 148] for the definition) with nonpositive curvature in the sense of A. D. Alexandrov. It is easy to do this when P has dimension 2, but when Dim(P ) ≥ 3 the problem is much more subtle. In fact, it seems doubtful that it can be done for all P of dimension ≥ 4. In this paper we will solve the 3-dimensional case of this gluing problem using Thurston's geometrization theorem for Haken manifolds; see Theorem 1 below.
Our interest in this problem originated in constructions of [BFK1, BFK2, BFK3] which established a natural connection between semi-dispersing billiard systems and the geometry of certain spaces arising from a gluing procedure similar to the one described above. For instance, one can reduce the proof of the uniform boundedness of the number of collisions in a system of several hard balls colliding elastically in empty Euclidean or hyperbolic space to verifying that auxiliary spaces built from finitely many isometric copies of an associated billiard table have nonpositive curvature. The first step of this reduction is to "develop" billiard trajectories as geodesics in an auxiliary space. A nagging drawback of the constructions in [BFK1, BFK2, BFK3] is that the auxiliary space depends on the combinatorial class of the chosen trajectory (i.e., the sequence of "collisions" encountered by the trajectory). In [BFK3] we asked whether there is a "global model space" for every billiard system -an Alexandrov space in which one can develop all billiard trajectories, regardless of combinatorial class. The existence of a global model space for a billiard system implies that it is a finite quotient of the geodesic flow of an Alexandrov space (see [BFK3] for a detailed discussion).
Another reason to consider this gluing problem is that it might provide a rich supply of easily studied examples.
Our main theorem is We remark that the related problem of gluing together copies of a polyhedron to obtain a nonpositively curved topological manifold is also interesting.
3 Polyhedra which admit such gluings satisfy very restrictive conditions. For instance, one can easily see that a 3-dimensional nonpositively curved pseudomanifold produced by gluing copies of a regular (constant curvature) tetrahedron will always have negative Euler characteristic, and hence such a space is never a manifold.
Proof of Theorem 1
We will present the proof of Theorem 1 when S is a three-dimensional Euclidean simplex. The proof in the general case follows exactly the same outline and the reader should have no difficulties reconstructing it from the case of a Euclidean simplex. We restrict ourselves to this case to avoid cumbersome notation and minor technicalities that would lengthen and obscure the exposition.
Let S = V 1 V 2 V 3 V 4 be a 3-dimensional Euclidean simplex. Without loss of generality we may assume that the shortest edge of S has length 3. Denote by F i the face of S opposite to the vertex V i of S, i = 1, 2, 3, 4.
2.1. Outline of the proof. We start by constructing, for every K ∈ N, a polyhedral pseudo-manifold M K such that every edge of M K belongs to at least K copies of S (and, of course, M K is constructed out of a finite number of isometric copies of S). When K is large enough M K will have nonpositive curvature everywhere except possibly at the vertices. To get nonpositive curvature at the vertices, we have to arrange that the vertex links are "large", i.e. that they have no closed geodesics of length < 2π. It turns out that if K is sufficiently large, then the shortest closed geodesic in a vertex link has to be homotopically nontrivial in the link. To complete the proof, we find a branched covering space M → M K which branches at the vertices of M K (recall that the vertex links of M K are typically not simply connected); the vertex links of M cover the vertex links of M K , and by choosing the branched cover suitably (see below), we are able to eliminate short homotopically nontrivial closed geodesics in the vertex links.
To find branched covers of M K , we (temporarily) remove small convex polyhedral neighborhoods B n , n = 1, . . . , m, of the vertices of M K to get a space M To overcome it we show that for large enough K, π 1 (M 0 K ) is a linear group, and hence is residually finite [Ma] .
When K is large enough, M 0 K has nonpositive curvature and its boundary components are nonpositively curved totally geodesic surfaces. Let M Proof. First, consider the free group F 4 with four generators γ i , i = 1, 2, 3, 4. It is well known (cf. [St] ) that F 4 is residually finite. Hence there is a homomorphism φ from F 4 onto a finite group G so that no nontrivial reduced words of the form γ
Thus, G is a finite group "without short relations (between the generators φ(γ i ))". Now construct a graph Γ with vertex set G × {1, 2}, and an edge of color i joining (g 1 , 1) to (g 2 , 2) whenever g 1 = g 2 φ(γ i ). Clearly Γ is K-admissible since a two-colored cycle in Γ determines a relation in the generators φ(γ 1 ), . . . , φ(γ 4 ) of the same length.
Choose K and a K-admissible 4-colored graph Γ, and color each of the four faces of S with a different color. Take a collection of copies of S, one for each vertex of Γ; for each edge e of Γ, glue the corresponding copies of S along the faces with the same color as e. The resulting space M K is a 3-dimensional pseudomanifold, and each edge of M K belongs to at least K copies of S. It is easy to see that since
Construction of M
Every ∂B n is a surface glued out of triangles isometric to one of the triangles T i . Moreover, the degrees of the vertices in ∂B n are equal to the degrees of corresponding edges in M K . In particular, the degrees of all the vertices in ∂B n are greater than K. By choosing K large enough we can ensure that ∂B n is nonpositively curved for all n (it is enough to take K bigger than 2π θ where θ is the smallest angle of a triangle T i ). The same choice of K ensures that M 0 K is nonpositively curved at all of its interior points.
We now "double" the space M [Ba] or [Re] ) and conclude that M 
At this point, we could appeal to [He] to conclude that π 1 (M 1 K ) is a residually finite group. But in fact, we can readily show that M 1 K admits a hyperbolic structure. M 1 K is atoroidal. By the flat torus theorem [Ba] , it suffices to show that the universal coverM 1 K does not contain a 2-flat -a convex subset isometric to the Euclidean plane. Suppose F ⊂M 1 K is a 2-flat. Clearly F must pass through some edge or vertex ofM 1 K . If x ∈ F is an interior point of an edge ofM 1 K , then F determines a closed geodesic γ of length 2π in the space of directions 4 Σ x at x; in fact this implies that γ passes through the "poles" of the space of directions, forcing F to contain the entire edge e. Consequently, F must contain a vertex p ofM 2.7. M has nonpositive curvature provided K is large enough. It remains to show that no vertex link Σ of M contains homotopically trivial closed geodesics of length less than 2π. It follows from the methods of [AB] that there is a shortest such geodesic γ (if there are any at all), and that it is embedded. Let D ⊂ Σ be a disk bounded by γ.
Let ∂B be the boundary component of M 0 corresponding to Σ. Since ∂B is nonpositively curved and there is a biLipschitz homeomorphism ρ : ∂B → Σ with biLipschitz constant C = C(S) < ∞, we conclude (by transferring the isoperimetric inequality for the nonpositively curved disk ρ −1 (D) to Σ via ρ) that the area of D is less than π 3 C 4 . By making K large enough we can ensure that every vertex of Σ carries integral curvature less than −π 3 C 4 . This implies that D does not contain any vertices. Now consider the obvious triangulation of Σ by spherical triangles. Each edge of this triangulation intersects the interior of the disk D in a finite union of open segments because the geodesic γ is "straight" inside each spherical triangle. Consider the collection W of all such open segments. Choose an I ∈ W so that all other elements of W lie on one side of I in Int (D) . If A ⊂ D is the component of D − I disjoint from W , then the closure of A intersects γ = ∂D in a segment which lies in a single triangle σ ⊂ Σ. This contradicts the fact that γ ∩ σ is straight. Hence when K is large enough Σ cannot contain closed geodesics of length less than 2π. Thus, M has large links and consequently (see [Gr] or [GH] for the proof) has nonpositive curvature.
